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A complete language for EXPSPACE:
PIM, “Polynomial Ideal
Membership” —the simplest natural
completeness level that is known
not to have polynomial-size circuits.

Succinct 3SAT -
Unknown
b\ 4 but Commonly Believed: L
. 4 Q@ LENL i L#PH \
\, / @ P#NP N co-NP ... P # PSPACE
nxn Chess  ———————- =
\ © NP#3P,N TP, ... NP # EXP

Best Known Separations:

@ AC® C ACC® C PP, also TC° C PP
For any fixed k,
thereis a
problem in this
intersection that
can NOT be
solved by circuits
of size O(nk)

@ NC! C PSPACE, .., NL C PSPACE

@ P C EXP, NP C NEXP

@ PSPACE C EXPSPACE

The levels of AH and
PH are analogous,
except that we believe
NP N co-NP# Pand Y
P, NP, # PN, which
stand in contrast to
RE N co-RE = REC and
3, NI, = RECRE

e Low-Level Classes
L DTIME [n3]

DTIME [n?]

WS, the word problem for the symmetric group S, is a regular
language that is complete for NC* under AC* many-one reductions.

Deterministic and Nondeterministic

Time Hierarchies Within NP
o Complexity “Main Sequence”

LANDSCAPE OF COMPUTATIONAL COMPLEXITY

.cse@b%&f

Department of Computer Science & Engineering
Dr. Kenneth W. Regan

Arithmetical Hierarchy (AH)
1

TOT ={M, : M, is total,
i.e. halts for all inputs}

D = {Turing machines M:
M, does not accept e} =
the complement of K.
(“Diagonal Language”)

BQP: Bounded-Error Quantum
Polynomial Time. Believed larger
than P since it has FACTORING,
but not believed to contain NP.

Polynomial Hierarchy (PH)
1

BPP: Bounded-Error Probabilistic
Polynomial Time. Many believe BPP = P.

= V3eoh.p

QBF ———

- PP Probabilistic
Polynomial Time

MAIJ-SAT

FACTORING is not
believed to be
complete for BQP

Analogy between orfor NP N co-NP.

Arithmetical and
Polynomial Hierarchies

"~ BPP

G Realm of Feasibility?
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Main page Discussion Read Viewsource View history | Search Complexity Zoo

Complexity Zoo

Introduction

Welcome to the Complexity Zoo. . There are now 545 classes and countingl

Complexity classes by letter: Symbols -A-B-C-D-E-F-G-H-1-J-K-L-M-N-0-P-Q-R-5-T-U-
V-W-X-Y-Z

Lists of related classes: Communication Complexity - Hierarchies - Nonuniform

T .
Zookeeper @

Scott Aaronsong what's your problem? &

Veterinarian
Greg Kuperberg ¢
Zoo Conservationist
Oliver Habrykad® on behalf of the LessWrong & community

The Zoo first opened in 2002. It was made into a wiki in 2005, and hosted at the University of Waterloo from 2012 to 2020.
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current automaton contents

om w | w | w [ w ] (m ][] ==
rule 110 (01101110)
7 6 5 4 3 2 1 0
EEE NN NN N (mE (m0) oM 00
[] u u [] n u u []

the next generation of the automaton

mmm | e mm | mw | e ] e
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Rule 110
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WHILE Programme

P - X:=X+C(C

X :=X-C

P; P
WHILE X # 0 DO P END

18.02.2026 Prof. Dr. Bjorn Grohmann 7
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GOTO Programme

M1:A1; MQZAQ; caey Mk.Ak.

Tr; 1= xj +tn

T; =X - N

GOTO M;

IF x; =n GOTO M;
HALT

18.02.2026 Prof. Dr. Bjorn Grohmann 8



uring Maschine

Hochschule fiir
Wirtschaft und Recht Berlin

Berlin School of Economics and Law

18.02.2026

Prof. Dr. Bjorn Grohmann



uring Maschine

TURING, ALAN MATHISON Emolled 9 /29 /36
Date and place of bith June 23, 1912 (Paddington, London)

Previous graduate study 1 934 (July) to August 1936 University of Cambridge

Address: Princeton 183 G.Ce; 182 G.C,

1936=37 Fellow from King's College
I 1937=38 Jane Eliza Procter Visiting Fellow in Mathematics

1938~ Fellow at King's College, Cambridge

DIED .JUNE 8,195L PRINCETON UNIVERSITY THE GRADUATE SCHOOL

Bachelor and other degreesB, A, University of Cambridge, 1934; Ph.D. Priﬁoeton University, 1938

Parent or Guardian and address Mre Jo M. Turing, 8 Ennismore Ave., Guildford, England.
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Department MATHEMA T IC S

Married

Teaching experience  Jan, 1935 to June 1936 Supervisor of Undergraduates, University of Cambridge

Dissertation accepted May 18, 1938

Final Examination ~ Pg g é ed May 27, 1938

Diploma address

18.02.2026 Prof. Dr. Bjorn Grohmann

Dissertation Subject " Systems of Logic Based on Ordinals".

Published under

A. M. or M. F. A.
ks EZ | “803/ Address
PH. D.
French Satisfactory May 20, 1937 German satisfactory 1937
General Examination Passed May 26, 1937

Published 1939, Printed by C.F.Hodgson and Son,Ltd.,2 Newton St.,
London,W.C.2,England., Copies sent University Library 1939.

Degree granted June 21, 1938
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control 4—7

ababuuu%...

T~

mendlich langes Band
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uring Maschine

A Turing machine is a 7-tuple, (Q, 3. ', 8. go. Qaccepts Greject), Where
@), X, I" are all finite sets and
1. @ is the set of states,
. 2 is the input alphabert not containing the blank symbol .,
. I' is the tape alphabet, where u € T"and ¥ C T,
O Q x '—Q x ' x {LL. R} is the transition function,
. (o € () 1s the start state,
. Gaceepr € (15 the accept state, and

NN kW N

. Grejecr € (@ 18 the reject state, where grejece 7 Gaccepe-

18.02.2026 Prof. Dr. Bjorn Grohmann 12
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uring Maschine

) |

A 'Turing machine with configuration 1011¢701111
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uring Maschine

Wir suchen eine Turing Maschive, welche folgende Sprache akeeptiert: B = {w#w| w € {0,1}*}

Y
011000#01100C0u ...

x11000#011000uw ...

xliOOOﬂ{ilOOOu...

x11000#x11000u ...

x X1 000#x11000u ...
Y

X X X XXX H#EXXX XX XU .
accept
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Wir suchen eine Turing Maschive, welche folgende Sprache akeeptiert: B = {w#w| w € {0,1}*}

18.02.2026

0w ...

0w ...

—

XU ...

accept

(169> o1 N\ |
o Hier fehlen die
—F . ”
Jreject-pfade’

) Do,i—L
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Church-Turing These

Jede berechenwbare
Funktion kawnm durch eive
berechnet werden”
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Let M be a deterministic Turing machine that halts on all in-
puts. The running time or time complexity of M is the function
f: N—N, where f(n) is the maximum number of steps that M
uses on any input of length n. If f(n) is the running time of M,
we say that M runs in time f(n) and that M is an f(n) time Tur-
ing machine. Customarily we use n to represent the length of the
input.

18.02.2026 Prof. Dr. Bjorn Grohmann 17
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JSMultitape Turing Machine”

§: QxTF—Q xTF x {I.,R,S}*
THEOREM

Lvery multitape Turing machine has an equivalent single-tape Turing machine.

¥ neue Symbole

18.02.2026 Prof. Dr. Bjorn Grohmann 18



Input
tape

Work
tape

Output
tape
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JSMultitape Turing Machine”

Read only head
| |
>|ofofofofofofo]o]ofofofoftofo]fo Q
L
Read/write head :_
r |
>1101:0|10001 | Q
L ' |
Read/write head :_ |
T !
|
: I : | (a
_— | |
| | |
| | |
o .

Register |

Prof. Dr. Bjorn Grohmann

47

19



Hochschule fir
Wirtschaft und Recht Berlin

u ri n g I\/l a S C h i n e Berlin School of Economics and Law

Jiversal Turing Machine”

There exists a TM U such that for every =, € {0,1}", U(x,a) = M (), where M,

denotes the TM represented by «. \
Furthermore, if M, halts on input = within T steps then U(x,«) halts within B

C'T'log T steps, where C' is a number independent of |z| and depending only on ﬁOddVIMVVWV\&I"
M, ’s alphabet size, number of tapes, and number of states.

Input 7
tape >|0]0/0/1]1/0]1/0|0j0[1|0|0j0 |0 -

(used in the same way as M)

e

R

‘thork Simulation of M's work tape.
apes _ -
(used in the same way as M)

Description of M (_J

Current state of M r\:
Qutput (
tape - 0] ‘ -

(used in the same way as M)

18.02.2026 Prof. Dr. Bjorn Grohmann 20
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»Nondetermivistic Turing Machine”
0: QxT—P(Q xT x {L,R})

Every nondeterministic Turing machine has an equivalent deterministic Turing
machine.

R
0/0{1|0|u]| ... Inputtape
IE
x x |#|0|1 x|u|... simulation tape
I
1123|323 1]2|1]|1]3|u|... addresstape

Prof. Dr. Bjorn Grohmann 21



uring Maschine

Let V be a nondeterministic Turing machine that is a decider. The
running time of N is the function f: N'—— N, where f(n) is the
maximum number of steps that N uses on any branch of its com-
putation on any input of length n, as shown in the following figure.

Deterministic
fin)
l t _-accept/reject

18.02.2026 Prof. Dr. Bjorn Grohmann
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Nondeterministic

reject” f(n)

! . accept

4 . reject J’

22
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Let (n) be a function, where t(n) > n. Then every #(n) time nondeterministic

single-tape Turing machine has an equivalent 290"/ time deterministic single-
tape Turing machine.

18.02.2026 Prof. Dr. Bjorn Grohmann 23
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Entscheidbarkeit

Call a language Turing-recognizable 1t some [uring machine

recognizes 1t. \

rekursiv anfeahlvar” oder anch ,semi-entscheidvar”

Call a language Turing-decidable or simply decidable if some

Turing machine decides 1t. \

rekursiv’ oder ,entscheidvar”

18.02.2026 Prof. Dr. Bjorn Grohmann 24
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Entscheidbarkeit

A language is decidable iff it is Turing-recognizable and co-Turing-recognizable.

“On input w:
1. Run both M, and M5 on input w in parallel.
2, If M, accepts, accept; if My accepts, reject.”

18.02.2026 Prof. Dr. Bjorn Grohmann 25
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Das , Halte-Problem®

Wir betrachten als Beispiel folgende Sprache:
Atm = {{(M.w)| M 1saTMand M accepts w}
wdiese ist zumindest semi-entscheidbar:

“On input (M. w), where M 1s a TM and w is a string:
1. Simulate M on input w.

2. If M ever enters its accept state, accept; it M ever enters its
reject state, reject.”

18.02.2026 Prof. Dr. Bjorn Grohmann 26
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Das ,Halte-Problem*

THEOREM

Atm 1s undecidable.

18.02.2026 Prof. Dr. Bjorn Grohmann 27
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Das , Halte-Problem®

HALT v = {{M,w)| M isa TM and M halts on input w}

THEOREM

HALT+y 1s undecidable.

18.02.2026 Prof. Dr. Bjorn Grohmann 28
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L]

Halteproblem

Widerspruch
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weitere unentscheidbare j e ekl
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Probleme

Frage: Kaw
ich KOP]@Vl ab ba b
dieser
DPominos so a bb abb
aneinander
legen, dass
oben und ab ba ab b
unten das

aleiche Wor+ a bb a abb
stent?

18.02.2026 Prof. Dr. Bjorn Grohmann 30
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Postsche Korrespondenzproblem (PCP)

gegeben: Eine endliche Folge von Wortpaaren
(-‘111591); = ety (xka yk)a wobel Ti, Yi € {01 1}+

gefragt: Gibt es eine endliche Folge von Indizies
Uyer.ylpy E {1,...,k}, mit x;, ... T, = Yi; .- Yi,

(ist zumindest semi-entscheidbar...) ' /
Emil Leon Post, 1897-1957

18.02.2026 Prof. Dr. Bjorn Grohmann 31
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A7

EineDiophantischeGleichung mit irgend welchen Unbekannten und
mit ganzen rationalen Zahlencoefficienten sei vorgelegt: man soll ein Verfahren
angeben, nach welchem sich mittelst einer endlichen Anzahl von Operationen
entscheiden. lafit, ob die Gleichung in ganzen rationalen Zahlen losbar ist.

18.02.2026 Prof. Dr. Bjorn Grohmann 32
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Erfullbarkeitsproblem:

Gegeben: pradikatenlogischer Ausdruck A uber einer Signatur &
Frage: Ist A erfullbar ?

Gultigkeitsproblem:
Gegeben: pradikatenlogischer Ausdruck A uber einer Signatur &

: - Frage: Ist A allgcemeingultig 7
diese zwei sind & & gultig

immerhin ———, Unerfullbarkeitsproblem:

Semi- "y . . . :
: Gegeben: pradikatenlogischer Ausdruck A uber einer Signatur &
entscheidbar... -
Frage: Ist A unerfullbar 7

18.02.2026 Prof. Dr. Bjorn Grohmann 33
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[t M is a Turing machine, then we say that the /ength of the descrip-
tion (M) of M is the number of symbols in the string describing M.
Say that M is minimal if there is no 'Turing machine equivalent to
M that has a shorter description. Let

MIN 1t = {(M)i M is a minimal TM}.

T~

ist noch vicht einmal semi-entscheidbar ...

18.02.2026 Prof. Dr. Bjorn Grohmann 34
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Erm = {(M)| M isaTM and L(M) = (}}

EQ+y = {{M,. M) My and My are TMs and L{Af) = L(M3)}

REGULARtMm = {{M)| M 1saTMand L(M) 1s a regular langunage}

18.02.2026 Prof. Dr. Bjorn Grohmann 35
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s gibt auch eine
alternative Definition bei
der lediglich +(n)>=v

/ gefordert wird...

A function t: N— N, where £(n) is at least O(nlogn), is called
time constructible if the function that maps the string 1™ to the
binary representation of £(n} is computable in time O(#(n)).

18.02.2026 Prof. Dr. Bjorn Grohmann 36
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For every f : {0,1}" — {0,1} and time-constructible T : N — N, if f is computable in time T (n)
by a TM M using alphabet T' then it is computable in time 4log T'|T(n) by a TM M using the

alphabet {0,1,0,>}.

™
—

M'stape: |> |m|a|c|h|i|n

Mstape: |>(ol1 |1|o|1]lo|o|o|o| 1]o| of o 1] 1

S

18.02.2026 Prof. Dr. Bjorn Grohmann
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For every f : {0,1}" — {0,1}, time-constructible T : N — N, if f is computable in time T (n)
by a TM M using k tapes (plus additional input and output tapes) then it is computable in time

5kT(n)? by a TM M using only a single work tape (plus additional input and output tapes).

18.02.2026

r=
]
. . 1
Tape1.com|plletely (ﬁ
I-ﬂ
11
Tape 2: (rle Ip| | alc| g d L
|
Tape 3: mac!h:ine S (ﬁ

Encoding this in one tape of M:

12 312 3123 123 123 123
A M M
cir mjole|lam |p]|c plhlai!e cn(_‘

Prof. Dr. Bjorn Grohmann
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Define a bidirectional TM to be a TM whose tapes are infinite in both directions. For every
f:1{0,1}" — {0,1}" and time constructible T : N — N, if f is computable in time T(n) by a
bidirectional TM M then it is computable in time 47 (n) by a standard (unidirectional) TM M.

M's tape is infinite in both directions:

DL [ fe|olmlp] tleftelty[ | | [ |C
ECOCIENNNENS
'\j|dhu0:- fﬁ

M uses a larger alphabet to represent it on a standard tape:

Jo T o] [TIC

Prof. Dr. Bjorn Grohmann
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IME

Lett: N—R" be a function. Define the time complexity class,
TIME(t(n)), to be the collection of all languages that are decid-
able by an O(¢(n)) time Turing machine.

18.02.2026 Prof. Dr. Bjorn Grohmann 40
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Die Klasse P

P is the class of languages that are decidable in polynomial time on
a deterministic single-tape Turing machine. In other words,

P =| JTIME(n").
k

18.02.2026 Prof. Dr. Bjorn Grohmann 41
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Die Klasse P

Sind die folpenden WMengen in P ?

N={1,23,...}
ON = {2,4,6,...)
P = {n € N|n ist Primzahl}

{p+ql|p,qeP}
{p-q|p,qcP}

18.02.2026 Prof. Dr. Bjorn Grohmann 42
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A verifier for a language A 1s an algorithm V| where
A=A{w

V accepts (w0, c) for some string ¢}.

We measure the time of a verifier only in terms of the length of w,
so a polynomial time verifier runs in polynomial tume in the length
of w. Alanguage A is polynomially verifiable if it has a polynomial

time verifier.

Prof. Dr. Bjorn Grohmann
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Die Klasse NP

NP is the class of languages that have polynomial time verifiers.

18.02.2026 Prof. Dr. Bjorn Grohmann 44
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Die Klasse NP

THEOREM

A language is in NP iff it is decided by some nondeterministic polynomial time
Turing machine.

18.02.2026 Prof. Dr. Bjorn Grohmann 45
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NTIME

NTIME(t(n)) — {L| L is a language decided by a O(¢t(n)) time

nondeterministic Turing machine}.

18.02.2026 Prof. Dr. Bjorn Grohmann 46



Hochschule fiir
Wirtschaft und Recht Berlin
Berlin School of Economics and Law

Die Klasse NP

P = JTIME(n®).
k

NP = |J, NTIME(n*).

P = the class of languages for which membership can be decided quickly.
NP = the class of languages for which membership can be verified quickly.

18.02.2026 Prof. Dr. Bjorn Grohmann a7
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Die Klasse NP

Sind die folpenden Mengen in NP 7

{p+q|p,qecP}
{p-q|p,qeP}

{(neN|n#p-q pqeP}
SAT = {(¢) : ¢ is a satisfiable Boolean function}
UNSAT = {(¢) : ¢ is an unsatisfiable Boolean function}

18.02.2026 Prof. Dr. Bjorn Grohmann 48
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P vs NP

E—
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NP-Vollstandigkeit

SAT = {{¢)| ¢ is a satisfiable Boolean formula}

18.02.2026 Prof. Dr. Bjorn Grohmann 51
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NP-Vollstandigkeit

SAT = {{¢)| ¢ is a satisfiable Boolean formula}

THEOREM

Cook-Levin theorem 8AT P iff P = NP.

18.02.2026 Prof. Dr. Bjorn Grohmann 52
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Reduktion

A tunction f: X*—— X* 15 a pelynomial time computable function
if some polynomial time Turing machine M exists that halts with
just f(w) on its tape, when started on any input w.

18.02.2026 Prof. Dr. Bjorn Grohmann 53
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Reduktion

A tunction f: X*—— X* 15 a pelynomial time computable function
if some polynomial time Turing machine M exists that halts with
just f(w) on its tape, when started on any input w.

Language A is polynomial time mapping reducible, or simply poly-
nomial time reducible, to language B, written A <p B, ifa polyno-
mial time computable function f: 3% —— ¥ exists, where for every
w,

w e A= fluw) e B.

The function f is called the polynomial time reduction of A to B.

18.02.2026 Prof. Dr. Bjorn Grohmann 54
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NP-Vollstandigkeit

A language B is NP-complete if it satisfies two conditions:

1. Bisin NP, and
2. every A in NP is polynomial time reducible to B.

18.02.2026 Prof. Dr. Bjorn Grohmann 55
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NP-Vollstandigkeit

A language B is NP-complete if it satisfies two conditions:

1. Bisin NP, and
2. every A in NP is polynomial time reducible to B.

Falls B (nar) die eweite Bedingung erfilllt, so heikt B
,NP-hard”

18.02.2026 Prof. Dr. Bjorn Grohmann 56
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Wew ich ein Problewm ans
NP-hard “ dieser WMenge 18sen kanw,

davn kawm ich auch jedes

andere Problem ans NP 18sen

NP
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Wew ich ein Problewm ans
NP-hard “ dieser WMenge 18sen kanw,

davn kawm ich auch jedes

andere Problem ans NP 18sen
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Schnittimenge
heiken NP-
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THEOREM

SAT is NP-complete.
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